Torsion freeness and normality of blowup rings of monomial ideals

Cesar A. Escobar, Departamento de Matemáticas, Escuela Superior de Física y Matemáticas, Instituto Politécnico Nacional, Unidad Adolfo López Mateos, 07738 Mexico City, D.F. E-mail: escobar@esfm.ipn.mx

Rafael H. Villarreal, Departamento de Matemáticas, Centro de Investigación y de Estudios Avanzados del IPN, Apartado Postal 14–740, 07000 México City, D.F. E-mail: vila@esfm.ipn.mx

Yuji Yoshino, Department of Mathematics, Faculty of Science, Okayama University, Okayama 700-8530, Japan. E-mail: yoshino@math.okayama-u.ac.jp

Abstract

Let I = (x^{v1} , . . . , x^{vq} ) be a monomial ideal of a polynomial ring K[x] over a field K and let A be the matrix with column vectors v_1, . . . , v_q . We show that the associated graded ring of I is reduced if A is totally unimodular. Then we express the symbolic Rees algebra of I in terms of Hilbert bases provided that I is square-free. A normality criterion is presented which is adequate for monomial ideals.

1 Introduction

Let R = K[x_1, . . . , x_n] be a polynomial ring over a field K and let I be a monomial ideal of R generated by a finite set of monomials {x^{v1} , . . . , x^{vq} }. As usual we use x^a as an abbreviation for x^{a1}_1 · · · x^{an}_n , where a = (a_1, . . . , a_n) is in N^n . The three central objects of study here are the following blowup algebras: (a) the Rees algebra R[It] := R ⊕ It ⊕ · · · ⊕ I^it^i ⊕ · · · ⊂ R[t], where t is a new variable, (b) the associated graded ring gr_I (R) := R/I ⊕ I/I^2 ⊕ · · · ⊕ I^i/I^{i+1} ⊕ · · · ≃ R[It] ⊗_R (R/I), with multiplication

(a + I^{i+1})(b + I^{j+1}) = ab + I^{i+j+1} (a ∈ I^i, b ∈ I^j ), and (c) the symbolic Rees algebra R_s(I) := R + I^{(1)}t + I^{(2)}t^2 + · · · + I^{(i)}t^i + · · · ⊂ R[t], where I^{(i)} is the ith symbolic power of I.

It is well known [20, p. 168] that the integral closure of R[It] in its field of fractions can be expressed as R[It] = R ⊕ It ⊕ · · · ⊕ I^it^i ⊕ · · · , where I^i is the integral closure of I^i. The integral closure of the ith power of I is again a monomial ideal [20, p. 169] given by: I^i = ({x^a ∈ R| (x^a)^p ∈ I^{pi} for some p ≥ 1}). (1) If I^i = I^i for i ≥ 1, the ideal I is called normal. The ring R[It] is said to be normal if R[It] is equal to its integral closure. Thus R[It] is normal if and only if I is normal. Recall that the ring gr_I (R) is called reduced if its nilradical is zero.

The content of the paper is as follows. Our first result proves that if A is the matrix with column vectors v_1, . . . , v_q and each i × i minor of A is 0 or ±1 for all i ≥ 1, then gr_I (R) is reduced (Theorem 2.3). As a consequence it is recovered that R[It] is normal [2], see Remark 2.5.

We point out an effective criterion to determine when gr_I (R) is reduced (Proposition 3.4). If I is square-free, we give a description of its symbolic Rees algebra in terms of Hilbert bases (Theorem 3.5). As a consequence we recover that R_s(I) is finitely generated [12].

In Section 4 we present a normality criterion which is adequate for monomial ideals (Theorem 4.4). To illustrate the practical use of this criterion it is shown that ideals of Veronese type are normal (Proposition 4.9). As a byproduct, using a result of [8], we derive that a monomial subring of Veronese type is the Ehrhart ring of a lattice polytope [7].

The main tools to show those results are commutative algebra and linear optimization techniques as described in [11, 19, 20, 23].

2 Torsion freeness of the associated graded ring

We begin with a basic result about the nilpotent elements of the associated graded ring.

Lemma 2.1 If I is a monomial ideal of R, then the nilradical of the associated graded ring of I is given by

nil(gr_I (R)) = ({x^α ∈ I^i/I^{i+1}| x^{sα} ∈ I^{si+1}; i ≥ 0; s ≥ 1}).

Proof: The nilradical of gr_I (R) is graded with respect to the fine grading, and thus it is generated by homogeneous elements.

Definition 2.2 An integral matrix A is called totally unimodular if each i × i minor of A is 0 or ±1 for all i ≥ 1.

Theorem 2.3 Let I = (x^{v1} , . . . , x^{vq} ) be a monomial ideal of R and let A be the n × q matrix with column vectors v_1, . . . , v_q. If A is totally unimodular, then gr_I (R) is reduced.

Proof: Let m = x^α be a monomial such that: (i) m ∈ I^i/I^{i+1} and (ii) m^s ∈ I^{is+1}, for some 0 ≠ s ∈ N. By Lemma 2.1 it suffices to prove that m ∈ I^{i+1}. From (ii) there are a_1, . . . , a_q in N and δ ∈ N^n such that

x^{sα} = (x^{v1} )^{a1} · · · (x^{vq} )^{aq} x^δ and ∑_q j=1a_j = is + 1.

Hence the linear program

Maximize f(y) = ∑_q i=1 y_i (∗)

Subject to Ay ≤ α and y ≥ 0

has an optimal value greater or equal than z_0 = i + 1/s because the rational vector y_0 = (a_1/s, . . . , a_q/s) satisfies Ay_0 ≤ α, y_0 ≥ 0 and the sum of its entries is z_0. Note that the polyhedron Q = {y| Ay ≤ α; y ≥ 0} is bounded. Indeed any y = (y_1, . . . , y_q) in Q must satisfy y_j ≤ max{α_1, . . . , α_q} for all j, where α_j is the jth entry of α. By a result of Hoffman and Kruskal (see [11, Theorem 5.19 and Corollary 5.20]) the optimal value of the linear program (∗) is attained by an integral vector b = (b_1, . . . , b_q). Thus b_1 +· · ·+b_q ≥ i+1. As b ∈ Q, we can write

x^α = (x^{v1} )^{b1} · · · (x^{vq} )^{bq} x^γ ,

for some γ ∈ N^n . This proves x^α ∈ I^{i+1}, as required.

Definition 2.4 An ideal I of a ring R is called normally torsion free if Ass(R/I^i) is contained in Ass(R/I) for all i ≥ 1 and I ≠ R.

Remark 2.5 Assume that I is a square-free monomial ideal of R. Then according to [10, Corollary 1.10] I is normally torsion free ⇔ gr_I (R) is torsion-free over R/I ⇔ gr_I (R) is reduced. If gr_I (R) is reduced, then R[It] is normal [1]. Hence it is seen that Theorem 2.3 is a generalization of both [2, Theorem 3.2] and [17, Theorem 5.9].

3 Rees cones and symbolic Rees algebras

Let I = (x^{v1} , . . . , x^{vq} ) be a square-free monomial ideal of R = K[x_1, . . . , x_n] of height g ≥ 2 such that deg(x^{vi} ) ≥ 2 for all i and let A^′ = {e_1, . . . , e_n, (v_1, 1), . . . , (v_q, 1)} ⊂ R^{n+1} , where e_i is the ith unit vector in R^{n+1} .

The Rees cone of the point configuration A = {v_1, . . . , v_q} is the rational polyhedral cone, denoted by R_+ A^′, consisting of the linear combinations of A^′ with non negative coefficients. Notice that dim(R_+ A^′) = n + 1 and also that H_{ei} ∩ R_+ A^′ is a facet of R_+ A^′ for i = 1, . . . , n + 1. Thus according to [23] there is a unique irreducible representation

R_+ A^′ = H^+_{e1} ∩ · · · ∩ H^+_{en+1} ∩ H^+_{ℓ1} ∩ · · · ∩ H^+_{ℓr} (2)

such that each ℓ_i has relatively prime integral entries. As usual H^+_a denotes the closed halfspace H^+_a = {α ∈ R^{n+1} | ⟨α, a⟩ ≥ 0} and H_a is the hyperplane through the origin with normal vector a. Let p_1, . . . , p_s be the minimal primes of I. For each p_k set C_k = {x_i|x_i ∈ p_k} and define the vector ℓ_k as:

ℓ_k = −e_{n+1} + ∑ x_i∈C_k e_i (k = 1, . . . , s). (3)

This definition of ℓ_k is consistent with Eq. (2) because of the following lemma. In the sequel we assume that ℓ_1, . . . , ℓ_s are the vectors given by Eq. (3).

Lemma 3.1 H^+_{ℓ1} , . . . , H^+_{ℓs} occur in the irreducible representation of R_+ A^′.

Proof: Let 1 ≤ k ≤ s. It suffices to verify that F = R_+ A^′ ∩ H_{ℓk} is a facet of the Rees cone. Note that R_+ A^′ ⊂ H^+_{ℓk} and R_+ A^′ ⊄ H_{ℓk} because I ⊂ p_k and p_k ⊊ (x_1, . . . , x_n). From the minimality of p_k it follows that there is a linearly independent set F ⊂ A^′ ∩ H_{ℓk} with n = |F|.

Lemma 3.2 If 1 ≤ j ≤ r and ⟨ℓ_j , e_{n+1}⟩ = −1, then 1 ≤ j ≤ s.

Proof: Let ℓ_j = (a_1, . . . , a_n, −1). Since R_+ A^′ ⊂ H^+_{ℓj} we get a_i ≥ 0 for i = 1, . . . , n. Consider the ideal p of R generated by the set of x_i such that a_i > 0. Note that I ⊂ p because ⟨ℓ_j , (v_i, 1)⟩ ≥ 0 for all 1 ≤ i ≤ n. For simplicity of notation assume that ℓ_j = (a_1, . . . , a_m, 0, . . . , 0, −1), where a_i > 0 for all i. Take an arbitrary vector v ∈ A^′ such that v ∈ H_{ℓj} , then v satisfies the equation

a_1x_1 + · · · + a_mx_m = x_{n+1}.

Observe that v also satisfies the equation

x_1 + · · · + x_m = x_{n+1}.

Using that H_{ℓj} contains n linearly independent vectors from A^′ we conclude that H_{ℓj} = H_b, where b = e_1 + · · · + e_m − e_{n+1}. Hence ℓ_j = b and consequently a_i = 1 for all i. It remains to show that p is a minimal prime of I, and this follows from the irreducibility of Eq. (2).

Next we present two results that highlight the importance of the irreducible representation of the Rees cone.

Proposition 3.3 If B = R[It] is normal and Cl(B) is its divisor class group, then Cl(B) ≃ Z^r and r ≥ s.

Proof: By [16, Theorem 1.1] the divisor class group of B is a free abelian group of finite rank. Using [5, Theorem 2] it is seen that r is the rank of the divisor class group of B.

Since the program Normaliz [3] computes the irreducible representation of the Rees cone and the integral closure of R[It] the following is an effective criterion for the reducedness of the associated graded ring.

Proposition 3.4 (Effective criterion) gr_I (R) is reduced if and only if R[It] is normal and ⟨ℓ_i, e_{n+1}⟩ = −1 for i = 1, . . . , r.

Proof: ⇒) By [10, Theorem 1.11] and Proposition 3.3 we get that R[It] is normal and r = s. Thus ⟨ℓ_i, e_{n+1}⟩ = −1 for all i = 1, . . . , r.

⇐) Using Lemma 3.2 we obtain r = s. Therefore the associated graded ring is reduced by [10, Theorem 1.11].

Symbolic Rees algebra Next we introduce one of the main objects of this section. The symbolic Rees cone or Simis cone of the point configuration A is the rational polyhedral cone defined as:

Cn(A) := H^+_{e1} ∩ · · · ∩ H^+_{en+1} ∩ H^+_{ℓ1} ∩ · · · ∩ H^+_{ℓs} . (4) By [11, Lemma 5.4] there exists a finite set H ⊂ N^{n+1} such that (a) Cn(A) = R_+ H, and (b) Z^{n+1} ∩ R_+ H = NH, where NH is the additive subsemigroup of N^{n+1} generated by H. The set H is called an integral Hilbert basis of Cn(A). If we require H to be minimal (with respect to containment), then H is unique [15].

For use below recall that the ith symbolic power of the monomial ideal I is given by I^{(i)} = p^i_1 ∩ · · · ∩ p^i_s.

Theorem 3.5 If K[NH] is the semigroup ring of NH, then R_s(I) = K[NH]. Proof: Recall that K[NH] = K[{x^at^b| (a, b) ∈ NH}]. Take x^at^b ∈ R_s(I), that is, x^a ∈ p^b_i for all i. Hence ⟨(a, b), ℓ_i⟩ ≥ 0 for all i or equivalently (a, b) ∈ Cn(A). Thus (a, b) ∈ NH and x^at^b ∈ K[NH]. Conversely take x^at^b ∈ K[NH], then (a, b) is in Cn(A) and ⟨(a, b), ℓ_i⟩ ≥ 0 for all i. Hence x^a ∈ p^b_i for all i and x^a ∈ I^{(b)}, as required.

Corollary 3.6 ([12]) R_s(I) is a finitely generated K-algebra. Proof: It follows at once from Theorem 3.5.

Remark 3.7 The Rees algebra of I can be written as R[It] = K[{x^at^b| (a, b) ∈ NA^′ }]. On the other hand according to [22, Theorem 7.2.28] one has R[It] = K[{x^at^b| (a, b) ∈ Z^{n+1} ∩ R_+ A^′}]. Hence R[It] is normal if and only if NA^′ = Z^{n+1} ∩ R_+ A^′. Corollary 3.8 R[It] = R_s(I) ⇐⇒ ⟨ℓ_i, e_{n+1}⟩ = −1 for i = 1, . . . , r. Proof: The equality R[It] = R_s(I) holds if and only if Z^{n+1} ∩ R_+ A^′ = Z^{n+1} ∩ Cn(A).

Hence the asserted equality holds if and only if the Rees cone and the Simis cone are equal. By the irreducibility of the representations of both cones it follows that R[It] = R_s(I) if and only if r = s. To finish the proof note that r = s if and only if ⟨ℓ_i, e_{n+1}⟩ = −1 for i = 1, . . . , r.

Hilbert bases of Rees cones For the remaining of the section we do not assume that I is generated by square-free monomials. Here we will show a degree bound for the minimal integral Hilbert basis of R_+ A^′.

Remark 3.9 Let a be a point of a set A in R^n and let x be a point in aff(A) not lying in A. If λ_0 = sup{λ ∈ [0, 1]| (1 − λ)a + λx ∈ A}, then x_0 = (1 − λ_0)a + λ_0x is a relative boundary point of A.

A monomial x^αt^b in R[It] correspond to a vector (α, b) in Z^{n+1} ∩ R_+ A^′. Thus it is natural to assign degree b to β = (α, b) and write deg_{n+1}(β) = b.

Proposition 3.10 Let R_+ A^′ be the Rees cone of A and let B be the its minimal integral Hilbert basis. If β ∈ B, then deg_{n+1}(β) < n.

Proof: For convenience of notation we write β = (α, b), where α is a vector in N^n and b = deg_{n+1}(β) is in N. Note that R_+ A^′ ∩ Z^{n+1} is equal to Q_+ A^′ ∩ Z^{n+1} and dim(R_+ A^′) = n + 1. Thus, since (α, b) ∈ R_+ A^′, by Carathéodory’s theorem [9, Theorem 2.3, p. 10] we can write

(α, b) = λ_1(v_{i1} , 1) + · · · + λ_r(v_{ir} , 1) + μ_1e_{j1} + · · · + μ_se_{js} (λ_i, μ_k ∈ Q_+ ), (∗)

where {(v_{i1} , 1), . . . , (v_{ir} , 1), e_{j1} , . . . , e_{js} } is a linearly independent set of vectors contained in A^′. By the minimality of B it is seen that 0 ≤ λ_i < 1 and 0 ≤ μ_k < 1 for all i, k. From Eq. (∗) we get b = λ_1 + · · · + λ_r < r =⇒ b ≤ r − 1. If r ≤ n, then b ≤ n − 1. Thus from now on we may assume r = n + 1 and Eq. (∗) takes the simpler form

(α, b) = λ_1(v_{i1} , 1) + · · · + λ_{n+1}(v_{in+1} , 1).

Consider the cone C generated by A^{′′} = {(v_{i1} , 1), . . . , (v_{in+1} , 1)}. Since −e_1 is not in C, using Remark 3.9 we obtain a point

x_0 = (1 − λ_0)(α, b) + λ_0(−e_1) (0 ≤ λ_0 < 1)

in the relative boundary of C. According to [23, Theorem 3.2.1] the relative boundary of C is the union of its facets. Therefore using that any facet of C is an n-dimensional cone generated by a subset of A^{′′} (see [22, Proposition 7.2.21]) together with the minimality of B it follows that we can write the vector (α, b) as:

(α, b) = ρ_0e_1 + ρ_1(v_{j1} , 1) + · · · + ρ_n(v_{jn} , 1) (0 ≤ ρ_i < 1 ∀i),

and consequently b ≤ n − 1, as required.

As a consequence we obtain (cf. [4, Theorem 3.3]):

Corollary 3.11 R[It] is generated by monomials of t-degree at most n−1.

Proof: If B is the minimal integral Hilbert basis of the Rees cone, then R[It] = K[NB] and we may apply Proposition 3.10.

4 Normality criteria

In this section we present a simple normality criterion which is suitable to study the normality of monomial ideals. Then, as an application, we show that ideals of Veronese type are normal.

To prove the normality of a monomial ideal I it suffices to show that the power I^i is integrally closed for i = 1, . . . , n − 1, where n is the number of variables [14], see [13] for a generalization of this fact. If I has finite co-length, then its integral closure can be constructed [6, Proposition 3.4].

Proposition 4.1 Let (R, m) be a Noetherian local ring and let I be a proper ideal of R. Then I is integrally closed if and only if IR_p is integrally closed for any prime ideal I ⊂ p ≠ m and I ∩ (I : m) = I.

Proof: It follows from the proof of Proposition 4.2.

Proposition 4.2 Let (R, m) be a Noetherian local ring and let I be a proper ideal of R. Then I is normal if and only if

(a) IR_p is normal for any prime ideal I ⊂ p ≠ m, and

(b) I^r ∩ (I^r : m) = I^r for all r ≥ 1.

Proof: ⇒) That (a) is satisfied follows from the fact that integral closures and powers of ideals commute with localizations [22, Proposition 3.3.4]. Part (b) is clearly satisfied.

⇐) Assume I^r ≠ I^r for some r ≥ 1. Take p ∈ Ass_R(M), where M = I^r/I^r. Since p is in the support of M we get M_p ≠ (0), and consequently by (a) we must have p = m. Hence there is an embedding R/m → M (1 → x_0), where x_0 ∈ I^r \ I^r and m = ann(x_0). From (b) one concludes that x_0 ∈ I^r, a contradiction. Thus I^r = I^r for all r ≥ 1.

The following result asserts that a normal monomial ideal stays normal if we make a variable, say x_n, equal to 1 or 0.

Proposition 4.3 Let I = (x^{v1} , . . . , x^{vq} ) be a normal ideal. If each x^{vi} is written as x^{ai}_n g_i, where g_i is a monomial in R^′ = K[x_1, . . . , x_{n−1}], then

(a) J = (g_1, . . . , g_q) ⊂ R^′ is a normal ideal, and

(b) L = ({g_i| a_i = 0}) ⊂ R^′ is a normal ideal.

Proof: (a) We will show that J^r = J^r for all r ≥ 1. Take a monomial x^α of R^′ that belong to J^r. Then (x^α)^p ∈ J^{rp} for some p ≥ 1 and we can write

(x^α)^p = g^{b1}_1 · · · g^{bq}_q x^β,

where ∑_q i=1 b_i = rp and x^β ∈ R^′. Multiplying both sides of the equation above by x^{sp}_n with s = ∑_q i=1 a_ib_i, we get

(x^s_nx^α)^p = (x^{a1}_n g_1)^{b1} · · · (x^{aq}_n g_q)^{bq} x^δ ∈ I^{rp}.

Hence x^s_nx^α ∈ I^r and we can write

x^s_nx^α = (x^{a1}_n g_1)^{c1} · · · (x^{aq}_n g_q)^{cq} x^γ ,

where ∑_q i=1 c_i = r. Evaluating the last equality at x_n = 1 gives that x^α ∈ J^r, as required. Part (b) follows using similar arguments.

Theorem 4.4 Let I = (x^{v1} , . . . , x^{vq} ) ⊂ R = K[x_1, . . . , x_n] and let J_i be the ideal of R generated by the monomials obtained from {x^{v1} , . . . , x^{vq} } by making x_i = 1. Then I is normal if and only if

(a) J_i is normal for all i (resp. I_p is normal for any prime ideal p ≠ m),

(b) I^r ∩ (I^r : m) = I^r for all r ≥ 1, where m = (x_1, . . . , x_n).

Proof: ⇒) Condition (a) follows from Proposition 4.3 (resp. using that integral closures and powers of ideals commute with localizations). Part (b) is clearly satisfied.

⇐) To prove that the rth power of I is equal to I^r set M = I^r/I^r. We proceed by contradiction assuming I^r ⊊ I^r. Take an associated prime ideal p of M. There are embeddings R/p^φ→ M → R/I^r. Thus p is an associated prime of the monomial ideal I^r. As a consequence p is generated by a subset of {x_1, . . . , x_n} (see [22, Proposition 5.1.3]) and p ⊂ m. Note p = m, otherwise if x_i /∈ p for some i, then by (a) IR_p = J_iR_p is normal and M_p = (0), a contradiction because p is in the support of M. Thus p = m. If x_0 = φ(1) is the image of 1 under the first embedding above, we get x_0 ∈ I^r \ I^r and x_0 ∈ (I^r : m), which contradicts (b).

Normality of an ideal of Veronese type Let R = K[x_1, . . . , x_n] be a ring of polynomials over an arbitrary field K. Given a sequence of integers (s_1, s_2, . . . , s_n; d) such that 1 ≤ s_j ≤ d ≤ ∑_n i=1 s_i for all j, we define A as the set of partitions

A = {(a_1, . . . , a_n) ∈ Z^n| a_1 + · · · + a_n = d; 0 ≤ a_i ≤ s_i ∀ i},

and F as the set of monomials F = {x^a| a ∈ A} = {f_1, . . . , f_q}. Definition 4.5 The ideal I = (F ) ⊂ R is said to be of Veronese type with defining sequence (s_1, . . . , s_n; d).

The monomial subring K[F ] ⊂ R and its toric ideal have been studied in [18]. Here we will focus in the ideal I = (F ) and its Rees algebra, rather than on K[F ].

Lemma 4.6 Let p ≠ m be a prime ideal of R and let x_i /∈ p. For k ≠ i define s^′_k = min{s_k, d − s_i}. If I = (F ) and I^′ is the ideal of the ring R^′ = K[x_1, . . . , ^x_i, . . . , x_n] generated by all the monomials x^{a′1}_1 · · · x^{a′i−1}_{i−1} x^{a′i+1}_{i+1} · · · x^{a′n}_n of R^′ of degree d − s_i such that a^′_k ≤ s^′_k for k ≠ i, then IR_p = I^′R_p.

Proof: For simplicity of notation we assume i = 1. Let A = R_{x1} be the localization of R at the multiplicative set {x^k_1 }_{k≥0}. Since A_p = R_p it suffices to show the equality I^′A = IA. If d = s_1, then x^d_1 ∈ I and s^′_k = 0 for k ≥ 2. Thus in this case I^′A = A and IA = A. Assume d > s_1. Take a monomial m = x^{a′2}_2 · · · x^{a′n}_n of I^′ of degree d − s_1. As a^′_2 + · · · + a^′_n = d − s_1 and a^′_k ≤ s^′_k ≤ s_k for k ≥ 2, we have x^{s1}_1 m ∈ I and m ∈ IA. Therefore I^′A ⊂ IA. Conversely take a monomial m = x^{a1}_1 · · · x^{an}_n of degree d in I. If a_k ≥ d−s_1 for some k ≥ 2, then s^′_k = d − s_1 and x^{d−s1}_k ∈ I^′. Thus m ∈ I^′A. On the contrary if a_k < d − s_1 for all k ≥ 2, then a_k ≤ s^′_k for all k ≥ 2. Note a_2 + · · · + a_n = d − a_1 ≥ d − s_1. It is seen that there are integers a^′_2, . . . , a^′_n such that a^′_k ≤ a_k for k ≥ 2 and a^′_2 + · · · + a^′_n = d − s_1. As a consequence the monomial x^{a′2}_2 · · · x^{a′n}_n belongs to I^′ and m ∈ I^′A. Hence IA ⊂ I^′A.

Remark 4.7 If d > s_i, note that I^′ is an ideal of Veronese type with defining sequence (s^′_1, . . . , s^′_{i−1}, s^′_{i+1}, . . . , s^′_n; d − s_i). If d = s_i, then I^′R_p = IR_p = R_p.

Definition 4.8 The support of a monomial f = x^{a1}_1 · · · x^{an}_n , denoted by supp(f), is a subset of the set of variables given by

supp(f) = {x_i| a_i > 0}.

Proposition 4.9 If I = (F ) ⊂ R is an ideal of Veronese type, then I is normal.

Proof: For simplicity we keep the notation introduced above. The proof is by induction on d. If d = 1 the result is clear. Indeed in this case I is the maximal ideal m = (x_1, . . . , x_n) and gr_m(R) is reduced because the identity matrix is totally unimodular. Thus R[mt] is normal. Note that gr_m(R) is a polynomial ring over the field K, but we do not need this fact.

Assume d ≥ 2 and that the result holds for ideals of Veronese type generated by monomials of degree < d. It suffices to prove that conditions (a) and (b) of Theorem 4.4 are satisfied. Take any prime p ≠ m and pick x_i /∈ p. By Lemma 4.6 we obtain that I^′R_p = IR_p. Hence using induction hypothesis and Remark 4.7 we get that IR_p is normal. Thus condition (a) holds. To verify condition (b) we proceed by contradiction assuming

I^r ∩ (I^r : m) ≠ I^r (5)

for some r ≥ 1. This means we can choose a monomial f in I^r \ I^r such that x_if is in I^r for all i. Hence there are f_i = x^{ai1}_1 · · · x^{ain}_n , i = 1, . . . , r, of degree d such that a_{ij} ≤ s_j for all i, j and satisfying the equality

x_1f = f_1f_2 · · · f_rh,

where h is a monomial with deg(h) > 0, because f ∈ I^r. Note x_1 /∈ supp(h) because f /∈ I^r. Thus we may assume x_1 ∈ supp(f_1) and h = x^{c2}_2 x^{c3}_3 · · · x^{cp}_p , where c_i > 0 for all i. Observe that x^{sℓ}_ℓ divides f_1 for all 2 ≤ ℓ ≤ p, otherwise we can write f = ((f_1x_ℓ)/x_1)f_2 · · · f_r(h/x_ℓ)

to derive f ∈ I^r, a contradiction. Thus we can write

f_1 = x^{a11}_1 x^{s2}_2 · · · x^{sp}_p x^{a1(p+1)}_{p+1} · · · x^{a1n}_n (a_{11} > 0).

If r = 1, then deg_{x2} (f) ≥ s_2 + 1 and since x_2f ∈ I we obtain x_2f = gh^′, with g a monomial of degree d in I. By degree considerations it follows that x_2 divides h^′ and f ∈ I, a contradiction. From now on we assume r ≥ 2.

Case (I): x^{sℓ}_ℓ does not divides f_k for some 2 ≤ ℓ ≤ p and for some 2 ≤ k ≤ r. Hence for each x_i ∈ supp(f_k) with i ≠ ℓ, we have that x^{si}_i divides f_1, for otherwise if x^{si}_i does not divides f_1 we write f = h_1f_2 · · · f_{k−1}h_kf_{k+1} · · · f_r(h/x_ℓ), where h_1 = (x_if_1)/x_1 ∈ I and h_k = (x_ℓf_k)/x_i ∈ I. Therefore f ∈ I^r, a contradiction. Hence, since we have already seen that also x^{sℓ}_ℓ divides f_1, we obtain s_ℓ + ∑ x_i∈supp(f_k )\{x_ℓ} s_i ≤ d = deg(f_1)

and consequently d − a_{kℓ} = ∑ x_i∈supp(f_k)\{x_ℓ} a_{ki} ≤ ∑ x_i∈supp(f_k)\{x_ℓ} s_i ≤ d − s_ℓ.

Thus a_{kℓ} ≥ s_ℓ and x^{sℓ}_ℓ divides f_k, a contradiction.

Case (II): x^{sℓ}_ℓ divides f_k for 2 ≤ ℓ ≤ p and 2 ≤ k ≤ r. Since we also have that x^{sℓ}_ℓ divides f_1, in this case we conclude deg_{x2} (f) ≥ rs_2 + 1. Recall that x_2f ∈ I^r, which by degree considerations readily implies f ∈ I^r, a contradiction.

Altogether we see that in both cases the inequality (5) leads to a contradiction. Hence condition (b) holds.

Corollary 4.10 ([7]) Let P ⊂ R^n be the lattice polytope conv(A) and let A(P ) = K[{x^αt^i|α ∈ Z^n ∩ iP }] ⊂ R[t] be the Ehrhart ring of P , then A(P ) = K[F t]. In particular K[F t] is normal.

Proof: Since R[F t] is normal, from [8, Proposition 3.15] we get the equality A(P ) = K[F t]. As A(P ) is always normal, so is K[F t].

Definition 4.11 Let I ⊂ R be an ideal of Veronese type with defining sequence (s_1, . . . , s_n; d). I is called the dth square-free Veronese ideal (resp. dth Veronese ideal) of R if s_i = 1 (resp. s_i = d) for all i.

Corollary 4.12 ([21]) If I is the ideal of R generated by the square-free monomials of degree d, then I is a normal ideal.

Proof: Since I is the dth square-free Veronese ideal of R, it is of Veronese type. Hence the result follows from Theorem 4.9.

Acknowledgments

This work was partially supported by JSPS (Japan) and by CONACyT grant 45256 (Mexico).

References

[1] J. Barshay, Graded algebras of powers of ideals generated by Asequences, J. Algebra 25 (1973), 90–99.

[2] V. Bonanzinga, C. Escobar and R. Villarreal, On the normality of Rees algebras associated to totally unimodular matrices, Results Math. 41, 3/4, (2002), 258–264.

[3] W. Bruns and R. Koch, Normaliz , a program to compute normalizations of affine semigroups. Available via anonymous ftp from: ftp.mathematik.Uni-Osnabrueck.DE/pub/osm/kommalg/software.

[4] W. Bruns, W. V. Vasconcelos and R. Villarreal, Degree bounds in monomial subrings, Illinois J. Math. 41 (1997), 341–353.

[5] L. Chouinard, Krull semigroups and divisor class groups, Canad. J.

Math. 33 (1981), 1459–1468.

[6] D. Delfino, A. Taylor, W. V. Vasconcelos, R. H. Villarreal and N.

Weininger, Monomial ideals and the computation of multiplicities, in Commutative Rings Theory and Applications, Proceedings: Fez (M. Fontana et al., Eds.), Lecture Notes in Pure and Applied Math. 231, Marcel Dekker, New York, 2003, pp. 87–106.

[7] E. De Negri and T. Hibi, Gorenstein algebras of Veronese type, J. Algebra 193 (1997), 629–639.

[8] C. Escobar, J. Martínez-Bernal and R. Villarreal, Relative volumes and minors in monomial subrings, Linear Algebra Appl. 374 (2003), 275– 290.

[9] G. Ewald, Combinatorial Convexity and Algebraic Geometry, Graduate Texts in Mathematics 168, Springer-Verlag, New York, 1996.

[10] C. Huneke, A. Simis and W. V. Vasconcelos, Reduced normal cones are domains, Contemp. Math. 88 (1989), 95–101.

[11] B. Korte and J. Vygen, Combinatorial Optimization Theory and Algorithms, Springer-Verlag, 2000.

[12] G. Lyubeznik, On the arithmetical rank of monomial ideals, J. Algebra 112 (1988), 86–89.

[13] C. Polini, B. Ulrich, W.V. Vasconcelos and R. Villarreal, Normalization of ideals, preprint under development.

[14] L. Reid, L. G. Roberts and M. A. Vitulli, Some results on normal homogeneous ideals, Comm. Algebra 31 (2003), 4485–4506.

[15] A. Schrijver, On total dual integrality, Linear Algebra Appl. 38 (1981), 27–32.

[16] A. Simis and N.V. Trung, The divisor class group of ordinary and symbolic blow-ups, Math. Z. 198 (1988), 479–491.

[17] A. Simis, W. V. Vasconcelos and R. Villarreal, On the ideal theory of graphs, J. Algebra, 167 (1994), 389–416.

[18] B. Sturmfels, Gröbner Bases and Convex Polytopes, University Lecture Series 8, American Mathematical Society, Rhode Island, 1996.

[19] W. V. Vasconcelos, Arithmetic of Blowup Algebras, London Math.

Soc., Lecture Note Series 195, Cambridge University Press, Cambridge, 1994.

[20] W. V. Vasconcelos, Computational Methods in Commutative Algebra and Algebraic Geometry, Springer-Verlag, 1998.

[21] R. Villarreal, Normality of subrings generated by square free monomials, J. Pure & Applied Algebra 113 (1996), 91–106.

[22] R. Villarreal, Monomial Algebras, Monographs and Textbooks in Pure and Applied Mathematics 238, Marcel Dekker, Inc., New York, 2001.

[23] R. Webster, Convexity, Oxford University Press, Oxford, 1994.